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I. INTRODUCTION 



The concept of PT-symmetry has received much interest in recent years in one dimen- 
sional solutions of some quantum mechanical problems. In the standard axiom of quantum 
mechanics, to have a real energy spectrum, Hamiltonian must be hermitian: H — . In 
the PT- symmetric quantum mechanics which is an alternative to standard axiom case, 
Hamiltonian has real spectrum although it is not Hermitian. When PT-symmetry is not 
spontaneously broken, PT-symmetric and non hermitian complex potentials have a real en- 
ergy spectrum [1]. If any potential under the transformations x — > —x (or x — > ^ — x) 
and i — > — i, satisfies V{—x) — V*{—x), it is said to be PT-symmetric. PT-symmetric and 
non- Hermitian Hamiltonians having real and/or complex eigenvalues are calculated energy 
spectrum and corresponding wave functions numerically and analytically [4, 5] . 

In this work, Feynman's path integral method is used in order to get energy spectrum 
and wave functions of PT-/non-PT-Symmetric and non- Hermitian Morse Potential [14, 15] 
which is exactly solvable [2, 10]. The potentials are solved reducing to quadratic forms with a 
parametric time transformation and a canonical point transformation. The Morse potential 
is used to describe interaction of the atoms in the diatomic molecules. [17]. The generahzed 
Morse potential is 

V{x) = y^e-'^^i^-^-^) - i/2e-"(^-^o). (1) 

where r is the internuclear distance between the two atoms, Tq is location of the potential 
minimum and V\, parameters are functions determined well depth. 

The paper is organized as follows: In section II, we introduce the calculation of the energy 
eigenvalues and the corresponding wave functions of Generalized Morse Potential by using 
Path integral method. In section HI and IV, solutions of PT-/non-PT-symmetric and non 
Hermitian forms of the generalized Morse potentials are presented by using Path integral 
method. We summarize the conclusions in section V. 

II. GENERALIZED MORSE POTENTIAL 

We use path integral technique developed by Duru and Kleinert [2] to calculate the 
energy eigenvalues and the corresponding wave function of PT-/non-PT-Symmetric and 
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non-Hermitian generalized Morse Potential. The kernel is defined by the usual phase space 
path integral in cartesian coordinates: 

K{xb, tb, Xa, ta) = J ^^^^ exp{i J dt\px - ^ - (2) 

{h = 1). This is the probability amplitude of a particle traveling from a position Xa at time 
ta to Xb at time tb- The time interval can be divided into n-equal parts. Thus one can get 

t, - = tb-ta = T J = 1,2, 3.. .TV (3) 

and 

Xj^x{tj), Xo = Xa, Xn = Xb- (4) 

The kernel can be rewritten as the limiting case of the usual time graded form 

„ n n+1 ^ n+1 2 

K{xb,T;Xa,0) = J YldxiY[^exp{i^\pi{xi-Xi_i) - ^-V{xi)]} (5) 



-oo 



or 



=1 j=i j=i 



/It n+1 , n+1 2 

n d""^ n - ^j+i) - 1^ - (6) 

These forms are the same, since in the application of the point transformation, dpo integra- 
tion comes in the use of Eq. (6) while a dpn+i momentum integration comes in the Eq. (5) 
case. We apply the point transformation by using Eq. (5). To have a solvable path integral 
form for the generalized Morse potential, we define 

e— = «2 = (7) 

Thus, the contribution to Jacobien becomes 

DxDp a DuDpu , . 

and the transformed kernel takes 



K{xb, T; Xa, 0) ^-^Ub J ^^^^p^exp[i J dt{py,u - i^j^^J^Pl - ^i^^ + ^2U^)]- (9) 
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To eliminate the v? term in the kinetic energy part, we introduce a new time parameter s 
[2,10], such that 



dt 1 f ds' 

dS^^^ ' = J 

Using Fourier expression of 5— function and S — Sb — Sa, parametric time definition can be 
written as 

1 = / isi,HT -j%) = j<^sj 1;^e.MET - / *|)] (11) 
Therefore Eq. (9) becomes 

oo oo S 

KM..,,) ^ I j f e-/ ,5e<-/(l,^e.p[> / d.(p„.-^-iM.V-|)l 



(12) 



— oo 



where 



4m Vi 



Eq. (12) can be rewritten as 



oo 



K{xb,T;x,,0) = I y ^e^'^^y dSe^""-' K{ub, S;Ua,0). (14) 

-oo 

If we integrate over Dpu, we get 
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K{ub, S; Ua, 0) = /" {—)Duexp[i [ ds{]-Mu'' - ]-MuW - 4)]- (15) 
J Ub J 2 2 



The factor — here is the result of (5-function normalization and transformation in Eq. (8). 



It appears in the use of Eq. (6). To symmetrize it, we write as 



— — 1 rr7T7ea;p( — -m — ) = e.xm—- / ds—) = exph / ds—\. (16) 



Therefore Eq. (14) can be written 
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K{ub,S;Ua,0) 
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Symmetrizing the factor in the same way, we get 

(18) 



s 

1 1 

— = exp\—i 





and kernel can be written as 

i^/ c n^ 1 /" DuDpu 
K[ub, S; Ua,0) 



^JUaUb J 27r 
5 

X exph / ds(puU - - -Muj\^ —r^ ^)]. (19 



Quantum mechanical contribution to the kernel in Eq. (17) is + While This 

term in Eq. (19) is due to Jacobien's symmetry. Since the kernels in Eqs. (5) and (6) are 
equivalent. Eq. (17) and Eq. (19) must be equivalent. Thus using geometric average, we 
obtain 



-F7^ r. 1 f DuDpu r. /" , r ■ Pl 1,. 2 2 2ME-1/4,, 





It has an effective Hamiltonian as seen 



^^^^ - 2M + 2^'^ + 2MX.2 ■ ^^^^ 



So the problem 



V(n(.)) = -MA^+ 2M„^ (22) 

is taken as the new potential of the moving particle. Thus we see that the solution is reduced 
to harmonic oscillator case in polar coordinates [8]. K{ub, S; Ua, 0) can be obtained as 
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K{ub, S;ua, 0) = —r-. 5- exp 



iMuj 



(m^ + u^) cot 0^5 



(23) 



The energy eigenvalues and wave functions for generalized Morse potential can be calculated 
by using Eq. (23). For this, we use the Hille-Hardy formula [21] 



1-t 



exp 



1, + t 

■2^^ + ^)rr7 



2y/xyt 
1-t 



= E 

n=0 



T{n + a + l) 



j-d^yr^'L^n\^)Ll"Hy)- (24) 



Substituting t = e"^''^^, x = Ma;'u^ and y = Ma;^^ in Eq. (23), we can write Eq. (23) as 



K{ub, S; Ua, 0) = ^ e''-^ilJn{ub)^*M 
where the energy is given by 



(25) 



n=0 



uj(2n + l + V2ME^ . 



(26) 



From Eq. (24) wave functions are obtained as 



V'n(M) 



'2Mu;n!r(n + 2s + 1) , „,5+i , „, ss+i / ox , . 



uni 



Here s = | + \\/2mE > 0, n = 0, 1, 2... and L"'^'^ [Muu^) is associated Laguerre poly- 
nomials. Therefore we calculate the energy dependent Greens function for the generahzed 
Morse potential 

00 00 °° 

G(«,,«„;E) = -— ^ / ^e^'^^J] / d5e('^-^")^V'„(«,)C(«„) 



00 
n=0 



T ^ 0n(M6)0^(Ma)- 



Integrating over dS and we can get energy eigenvalues 



(28) 



En = -V2 



\ 2a;, 1, 



V2 1 
o; 2 



(29) 
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and normalized wave functions are 



Mu) - J ^^I'l^^^T' {Moou'Y'-'^ exp i-Moou') lI'^'^ {Moou') (30) 
]j L [n + 2s + ^) ^ 

Therefore, PT-symmetric and Hermitian generalized Morse potential have these wave func- 
tions and energy eigenvalues. 



III. PT-SYMMETRIC AND NON-HERMITIAN MORSE POTENTIAL 
CASE 

If Vi and V2 are real and a — ia then the Morse potential has the form 

V(x) = Vie-^'"^ - ¥26-'"^. (31) 

We can get wave functions and energy eigenvalues following the same steps. This time, we 
use a coordinate transformation u{t) — e~*°^ and a new time parameter s defined as 



dt _ 1 
ds V? 



(32) 



Thus the kernel becomes 



CXD 00 



—00 

s 



xexp[i [ dsipuii - 1^ - ]:Muj\^ + 4)] (33) 



where 



Frequency is defined as a; = \[^^ energy is V2 . Applying the symmetrization of 
Jacobien in the same way, kernel takes 
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K{ub,S;Ua,0) 



DuDpu 



exp{i / dslpuii — — Mu^u^ — 



{^/-2MEf - 1/4 



y/UaUf, J 2n 

u 

So, effective Hamiltonian of the system is written as 



2Mm2 



{V-2MeY - 1/4 



2M ' 2'"" ' 2Mm2 
Applying the same procedure, kernel can be obtained as 



]}■ 



(35) 



(36) 



K{ub,S;Ua,0) = —r-. 7;-exp 

ism cub 

Therefore, Greens function becomes 



(ul + ul) cot 0;^ 



\ i sin a; 5" 



OO OO °° 



OO 

n=0 



Energy eigenvalues are 



En = -V2 

and normalized wave functions become 



1 2 



V2 1 

, n = 0,l,2... <^ + - 

U! 2 



(37) 



(38) 



(39) 



where s = 7 + \\f-2JmE, n = 0, 1, 2... 



(40) 



IV. NON-PT-SYMMETRIC AND NON-HERMITIAN MORSE POTENTIAL 

CASE 

If we take = (A + iB f , = (2C + 1) (A + iB) and a = 1, the Morse potential takes 
V{x) = {A + iBf - (2C + 1) (A + iS) e"^. (41) 
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Here A, B, C are arbitrary parameters. This potential is non-PT symmetric and non- 
Hermitian, but has real spectra. If Vi is real V2 — A + iB and a — ia the Morse potential 
has the form 



V{x) = Vie"'*"^ + iB) e-*"^ (42) 

We can derive wave functions and energy eigenvalues in the same way. This time, we use a 
coordinate transformation u{t) = e~'"^ and define a new time parameter, then the kernel 

becomes 

00 00 s 

-00 

S 

X exp[i J dsip^ii - ^ - ]^Muj^u^ + ^)] (43) 


where 



Frequency is defined as a; = "^/^^ ^^'^ energy is [A + iB). Applying the symmetrization of 
Jacobien in the same way, kernel becomes 



(45) 

So, effective Hamiltonian of the system is written as 

- 2M + 2^^ + 2Kh? ■ ^^^^ 

Applying the same procedure, kernel can be obtained as 



K{ub, S;ua,0)^ —. ^ exp 

I smcuo 

Therefore, Greens function becomes 



(u^ + ul) cot LoS 



W-2ME 



/ MuUaUb 

\ i sin a; 5" 



(47) 
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G{ub,Ua;E) 



oo 

la I dE 



n=0 



e'^'^Yl / dSe^-'^^+'^^-^-^'M^b)rn{ua). (48) 



energy eigenvalues are 



En^-{A + iB) 



2uj , 1, 



, n = 0, 1,2... < 



A + iB 1 



and normalized wave functions become 



(49) 



(50) 



where s = ^ + \\J-2mE, n = 0, 1, 2.. 



V. CONCLUSION 



The energy eigenvalues and the corresponding wave functions for PT-/non-PT-Symmctric 
and non-Hermitian generalized Morse Potential are obtained by using Path integral method. 
The real energy spectra of the PT-/non-PT-symmetric and non-Hermitian forms of potential 
have been obtained by restricting the potential parameters. The Hamiltonian of system 
transformed to the form of the two oscillators case with the frequency lo with a proper 
time parameter s. The approach can also be apphed to the other PT-/non-PT-Symmetric 
and non-Hermitian potentials for which the potential problem can be transformed to the 
oscillator case. 
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